We argue that apart from the standard closed and open strings one may consider a third possibility that we call monodromic strings. The monodromic string propagating on a target looks like an ordinary open string (a mapping from a segment to the target) but its space of states is isomorphic to that of a closed string. It is shown that the monodromic strings naturally appear in T-dualizing closed strings moving on simply connected targets. As a nontrivial topology changing example we show that the monodromic strings on a compact Poisson-Lie group are T-dual to the standard closed strings propagating on the noncompact dual PL group.
1. The D-brane example shows ?] that one should not apriori discard "nonstandard" string boundary conditions from consideration. In fact, the powerful duality principle require their presence in string theory. In this paper, we shall introduce other non-standard string boundary conditions whose existence is required by Poisson-Lie T-duality ?].
The problem addressed in this article is the old one: "How to include zero modes in the Poisson-Lie T-duality story"? A partial answer to this question was given in ?], where it was shown that the role of the Abelian momentum-winding lattice is in general played by the fundamental group of the underlying Drinfeld double. However, non-Abelian doubles have small fundamental groups in general, thus the phenomenon of the momentumwinding exchange does not have much content in the non-Abelian setting.
We are going to show here, that the non-Abelian momentum-winding exchange will become a much richer structure if we release the constraint that the string should be closed. In fact, the duality itself will tell us how to "tear up" a closed string. The disrupture is measured by a certain monodromy and this monodromy is nothing but the (non-Abelian) momentum of the dual strictly closed string.
The plan of this paper is as follows. First we shall review the PoissonLie T-duality without the zero modes. In particular, we shall write down the corresponding duality invariant action in the Drinfeld double. Then we shall modify the action on the double by adding a new variable which will transform into the momentum zero modes of closed strings if we descend from the double to one of the Poisson-Lie group targets. But if we descend to another (dual) target that new variable becomes a monodromy that measures how the closed string got torn up.
We shall nish by a detailed description of this phenomenon in the context of the Lu-Weinstein-Soibelman ?] pair of the Poisson-Lie groups and also in the context of the ordinary Abelian T-duality ?].
2. The Poisson-Lie T-duality in its more modern version ?] relates two nonlinear -models living in two di erent targets D=G and D=G. Here D is a Lie group such that i) dimD = 2dimG = 2dimG; ii) G andG are both subgroups of D; iii) it exists a symmetric non-degenerate invariant bilinear form (:; :) on D = Lie(D) such that (G; G) = (G;G) = 0, where G = Lie(G) andG = Lie(G). In other words, G andG are isotropic subalgebras of D.
is the so-called Drinfeld double. For this to be true, it is moreover required that iv) G \G = 0. However, the modern version of the Poisson-Lie T-duality does not require iv). In our previous paper ?], we have somewhat abusively called D the "Drinfeld double" even when the condition iv) was not satis ed.
In order to make this paper technically simpler, we shall study here an older less general version of the Poisson-Lie T-duality ?, ?] where on the top of the conditions i)-iii) two more things are required: the rst is that D is indeed the Drinfeld double (the condition iv) is ful lled) and the second is that D is the so-called perfect Drinfeld double, which means that D can be globally smoothly decomposed as D = GG =GG.
If the double is perfect, then the Poisson-Lie T-duality exchanges the targets G andG because D=G can be identi ed withG and D=G with G. Recall that a Poisson-Lie structure on G is characterized by a Poisson bivector 2 2 TG (ful lling the Jacobi identity) or, equivalently, by its right trivialization. The latter is a map : G ! 2 G de ned as follows (g) = R g 1 g ; (1) where R g is the right transport on the group manifold G. It is moreover required that a cocycle condition is ful lled:
Now we can write down the actions of the corresponding pair of -models: Maurer-Cartan form on G to the world-sheet and is the Hodge star on .
The pair of models (3) and (4) was rst introduced in ?] in somewhat disguised form. In the form (3) and (4), it was rewritten in ?]. It is very important to understand, in which sense these two models are dual to each other. We can study a closed string propagation on the group G governed by the action (3) and do the same thing for the targetG and the action (4) . However, there is no duality in this case. In other words, it is not true that the Poisson-Lie T-duality relates (3) and (4) as models of standard closed strings. The models (3) and (4) 1 (G) parametrize the possible discrete momentum modes and 1 (G) parametrizes the winding modes of the closed strings moving on G. From the point of view of the targetG, the momentum-winding interpretation of the homotopy groups gets exchanged. This way covers the famous momentum-winding exchange in the Abelian T-duality context ?] where G is a circle group andG is the dual circle. In this paper G andG are always simply connected groups; we are going to show that the momentum zero modes can be implemented into the duality story also for this special case at the price of "tearing up" the closed strings.
G so that~ lies inG. The eld equations in terms of~ have a very simple form: d~ =~ ^~ ; (6) or, in some basisT a ofG: d~ a = 1 2f a bc~ b^~ c :
Here~ =~ aT a andf a bc are the structure constants ofG. The only nontrivial fact needed for deriving the eld equations (6) from the action (3) is the cocycle condition (2) . We see that every solution g( ; ) of the eld equations of the model (3) de nes a atG-valued connection~ . Its monodromy is de ned by the formulaM = P exp Z ~ (g); (8) where is a curve going around the cylinder. In particular, we can choose a curve = const. This monodromy is called a noncommutative momentum ?, ?, ?] and its conjugacy class does not depend on time if g is a solution of the eld equations. In particular, if the noncommutative momentumM is the unit elementẽ of the dual (by assumption also simply connected) group G at some time, then it will remainẽ for all times. Suppose now thatM =ẽ (9) for some solution g( ; ) 2 G. This means that it exists a single-valued functionh( ; ) 2G on the world-sheet such that (g) = dhh ?1 : (10) Consider then the following D-valued function l( ; ) 2 D on the worldsheet:
This mapping can be decomposed as l( ; ) =g( ; )h( ; );g 2G; h 2 G; (12) because of the fact that we have two global decompositions of the double: D = GG =GG. Then it turns out ?] thatg( ; ) is a solution of eld equations of the dual model (4) and a dual G-valued connexion is given by (g) = dhh ?1 : (13) Since the eld h( ; ) is evidently single-valued, the dual noncommutative momentum M also satis es
where e is the unit element of G.
It is well-known that the phase space of a eld theoretical model can be viewed as the space of its classical solutions. Consider the phase space of classical solutions corresponding to closed strings propagating according to (3) and perform a symplectic reduction by imposing the constraint (9) of the unit noncommutative momentum. We obtain in this way a reduced phase space ẽ . We do the same thing for the model (4) and we obtain a dual reduced phase space~ e . Thus both reduced phase spaces ẽ and~ e inherit symplectic structures from and~ , respectively. Moreover, since the unit noncommutative momentum constraints commute with the time evolution, it follows that ẽ and~ e inherit also certain Hamiltonians Hẽ andH e from the closed string Hamiltonians H andH.
The meaning of the usual statement that the models (3) and (4) are related by the Poisson-Lie T-duality is the following: There exists a symplectomorphism (preserving the Hamiltonian) between the dynamical systems ( ẽ ; Hẽ) and (~ e ;H e ). This symplectomorphism was found in ?, ?]. For its more algebraic description see ?].
There exists a duality invariant description ?] of the equivalent dynamical systems ( ẽ ; Hẽ) and (~ e ;H e ). It turns out that the phase space ẽ can be identi ed with the coset LD=D where LD denoted the loop group of the Drinfeld double D. In other words, LD is the set of smooth maps from a circle S 1 into D equipped with the pointwise multiplication. The symplectic form on this coset can be de ned as the exterior derivative of certain 1-form on LD=D. The latter is most naturally de ned in terms of its integral along an arbitrary curve ? in the phase space, parametrized by a parameter . This curve can be represented by a certain D-valued function l( ; ) 2 D. (15) gives the action of the standard WZW model but this is not quite true, because and are not the light cone variables . Nevertheless, the only di erence between the ordinary WZW model and our expression (15) consists in the names of the variables. This means that our expression enjoys the formal mathematical properties of the standard WZW action. In particular, if we replace l( ; ) by l( ; )l 0 ( ), the integral R does not change (the chiral invariance of the WZW model!) hence the symplectic form lives really on the coset LD=D and not on LD itself.
As it is well-known, a rst order action of a dynamical system 
Here R is a linear idempotent self-adjoint map from the Lie algebra D to D itself. R has two equally degenerated eigenvalues +1 and ?1 and the corresponding eigenspaces R are R + = Span(t + R(t; :)); t 2G; R ? = Span(t ? R(:; t)); t 2G: (18) Needless to say, R(:; :) is the bilinear form appearing in (3) and (4). Putting (15) and (17) into (16) 
Note that this action is invariant with respect to the gauge transformation l( ; ) ! l( ; )l 0 ( ), which means that the model lives rather on LD=D than on LD. We shall not review the derivation of the constrained models (3) and (4) from (19); actually such a derivation is a special case of a more general story that we are going to present in this paper.
3. We stress that the duality described so far takes places between ( ẽ ; Hẽ) and (~ e ;H e ) and not between ( ; H) and (~ ;H). In this paper, we want to nd a dynamical system which is dual to ( ; H), in other words: which is dual to the model (3) describing closed strings with arbitrary noncommutative momentum. The crucial problem to face is the following: if the closed string solution g( ; ) on G has a non-unit non-commutative momentum, then the con guration (cf. (11)) l( ; ) 2 D does not describe a propagation of a closed string in the double. The reason is that the maph( ; ) de ned by (10) is not single-valued on the world-sheet cylinder, but it developes some monodromy. If we restricth( ; ) to the interval 2 0; 2 ], we obtain a strip propagating inG rather then a cylinder. The same thing happens for l( ; ) = g( ; )h( ; ), which does not correspond to a closed string worldsheet embedded in D. If we project l( ; ) tog( ; ) according to (12) , the string con gurationg( ; ) 2G will not be closed, i.e.g( ; +2 ) 6 =g( ; ).
It is precisely for this reason that the unit non-commutative momentum constraint was imposed in ?, ?].
Our point of view in this paper is very di erent: We say that it is not bad to tear up the closed strings but on the contrary, it is rather an interesting thing to do. The point is that the strings in the dual target get torn up in a controlled way dictated by duality. In particular, the duality predicts that the space of states (=the phase space at the classical level) of the torn up string onG must be identical to that of the standard closed string on G. Thus we obtain a consistent dynamics of open-like strings whose space of states is that of the closed string! We shall do it in detail for the Lu-Weinstein-Soibelman (LWS) pair of Poisson-Lie groups.
4. The LWS double D is simply the complexi cation (viewed as the real group)G C of a simple compact simply connected and connected groupG. So, for example, the LWS double of SU (2) is SL(2; C). The invariant non-degenerate form (:; :) on the Lie algebra D of D is given by (x; y) = ImK(x; y); (20) or, in other words, it is just the imaginary part of the Killing-Cartan form K(:; :). SinceG is the real form ofG C , clearly the imaginary part of K(x; y)
vanishes if x; y 2G. Hence,G is indeed isotropically embedded inG C .
The dual subgroup G coincides with the so called AN group in the Iwasawa decomposition ofG C :G C =GAN: (21) For the groups SL(n; C) the group AN can be identi ed with upper triangular matrices of determinant 1 and with positive real numbers on the diagonal. In general, the elements of AN can be uniquely represented by means of the exponential map as follows g = e exp >0 v E ] e n:
Here 's denote the roots ofG C , v are complex numbers and is an Hermitian element 3 of the Cartan subalgebra ofG C . Loosely said, A is the "noncompact part" of the complex maximal torus ofG C . The isotropy of the Lie algebra G of G = AN follows from (20); the fact that G andG generate together the Lie algebra D of the whole double is evident from (21).
5. The reason why we have chosen to work with the LWS double is simple: both isotropic subgroups G andG are non-Abelian and one of them (G) is compact and we have a very good control of the monodromy valued in the compact group. Indeed, the non-commutative momentum (8) of closed string propagating on the noncompact group G = AN according to (3) Here P is a projector on the subspace R ? with the kernel R + (cf. (18)). Moreover, we denote P(g) = Ad g 1 PAd g : (26) Note that the dependence of the action (25) onh and is completely contained in~ = @ hh ?1 +h h ?1 :
Now a crucial observation is as follows: In distiction to the case of the Poisson-Lie T-duality without the zero modes ?], the quantity~ is not constrained by the unit monodromy constraint. In fact, the quantity~ is not constrained by any constraint whatsoever because , by construction, it can have an arbitrary monodromy. This means that we can regard the action S(g;h; ) as the action S(g;~ ) of two unconstrained periodic variables g;~ , where, moreover, the dependence on~ is Gaussian. Thus we can solve awaỹ from (25) which gives~
(28) where~ (g) were de ned in (5) . Inserting~ from (28) into the action S(g; ), we obtain the action (3):
Here T i is a basis in G = Lie(AN) andT i its dual basis ofG so that 
By using the de nition (8) of the noncommutative momentumM and formulas (27) and (28), we arrive at M = exp2 :
Thus the quantity in the duality invariant action (23) becomes indeed the noncommutative momentum of a closed string propagating on the target G = AN.
6. So far we have established that the action (3) describing (non-constrained) closed strings can be written in the rst-order form (23). Now we are looking for the dual action. We shall nd out that it is given by a slight but interesting modi cation of (4) that corresponds to a replacement of closed strings by monodromic strings.
Consider a dual decomposition l =gh, whereg 2G and h 2 G(= AN). (44) for the dual action, we use the symbol 0 instead of . It is because 0 is a constant not depending on the time . This is dictated by integrating away the Lagrange multiplier 0 in the action (42). On the other hand, still depends on .
We would like to interpret our result. First of all, note thatg( ; )'s arẽ G-valued functions periodic in , so we could view (44) as a 0 -depending dynamical system describing closed string con gurations interacting with some particle-like degrees of freedom . Such a theory would not be anymore a -model in the standard sense of this word. For example,g-depending terms not containing derivatives ofg also appear in the action which would mean that our duality transformation has generated a tachyon potential.
We believe that the correct interpretation is the following: The reader may ask why we are allowed to replace~ (g) by~ (m). We have from (2) We can also naturally interpret the variable ( ) 2 T . In fact it is the gauge eld. By using again the fact that~ vanishes on the maximal torus, we observe that the model (4) has a global symmetryg !gt, where t 2 T. This global symmetry is present for the closed but also for the monodromic string. Its gauging amounts for introducing the gauge elds into the action (4). This is precisely the action (46). The gauge tranformation reads m !mt( ); ! ? t ?1 @ t:
(48) Summarizing, we have obtained the following picture: The closed string model (3) on G = AN is dual to the monodromic string model (4) on the compact groupG, where the maximal torus momentum zero modes are gauged away. In some sense we may say, that the duality requires adding the monodromy zero modes to (4) but at the same time removing maximal torus momentum zero modes.
7. Abelian example. It turns out that one has a full control of the monodromy also in an almost trivial but instructive example where the Drinfeld double D is just a plane R 2 viewed as the additive Abelian Lie group. Its Lie algebra is again R 2 and the exponential map is just the identity map. The invariant bilinear form is de ned as ((x 1 ; y 1 ); (x 2 ; y 2 )) = x 1 y 2 + y 1 x 2 :
Finally observe that the zero modesx 0 can be absorbed into by setting 0 = + @ (61) We observe that in the Abelian case, the noncommutative momentum becomes the standard momentum of the closed string.
7. Conclusions and outlook: The Poisson-Lie T-duality story ?] is the generalization of the traditional non-Abelian T-duality ?]. Apart from the papers already cited in the text, we may mention several other works who have developed various aspects of the construction ?]. A quantum version of the PL T-duality is in preliminary stage ?]. We believe that our present article will facilitate the work in the quantum direction since we did get nally rid of the highly nonlinear monodromy constraints. Thus we hope that the quantum monodromic strings may become a part of the standard superstring theories. 8. Acknowledgement: S. P. acknowledges a support from grants RBRF-99-02016687, RBRF-96-15-96821, INTAS-OPEN-97-1312 and RP1-2254. 
